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Generalities

From now on, Z is a convex subset of a real vector space V .

Denote the boundary of Z by ∂Z. In finite dimensions ∂Z
coincides with the topological boundary.
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Boundariness

b(y) = distance of y to ∂Z, y ∈ Z.
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-Distance? In what sense?

We use the convex structure to measure distance.
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b(y) = 1− w(y)

w(y) = the highest weight with which any boundary element can
appear in a convex decomposition of y.
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w(y) = supx∈∂Z{t ∈ [0, 1] | y = tx+ (1− t)z, z ∈ Z}

⇒ b(y) = infx,z∈∂Z{t ∈ [0, 1] | y = tx+ (1− t)z}

Proposition

Suppose that Z ⊂ Rn, n = 1, 2, . . ., is compact and convex and
y ∈ Z \ ∂Z. There is an extreme point x of Z and z ∈ ∂Z such
that ty(x) = b(y) and

y = b(y)x+
(
1− b(y)

)
z.
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Boundariness plotted for a few simple convex plane sets.
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Boundariness and bounded seminorms

Suppose that p : V → [0,∞) is a seminorm that is bounded on Z,
i.e., there is a ≥ 0 such that p(x) ≤ a for all x ∈ Z.

Proposition

For any x, y ∈ Z, one has

p(x− y) ≤ 2a
(
1− b(y)

)
.

-Very well, but what about quantum physics?
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The quantum convex sets Z can be seen as bases for generating
cones of the ambient space V .

• E.g., the set of quantum states S(H) ⊂ T(H)+ ⊂ Ts(H).

In this context we can define the base norm ‖ · ‖Z generated by Z:

‖v‖Z = inf
λ,µ≥0

{λ+ µ | v = λx− µy, x, y ∈ Z}, v ∈ V.

• Clearly, ‖x‖Z ≤ 1 for all x ∈ Z ⇒
supx∈Z ‖x− y‖Z ≤ 2

(
1− b(y)

)
for all y ∈ Z.

• Base norms are directly linked to quantum discrimination
problems. ⇒ Boundariness is connected to quantum
discrimination.
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Boundariness of quantum devices

H, K Hilbert spaces, Ω := {1, . . . , N}. Classes of convex sets in
quantum theory studied here:

• Set of states S(H) as positive trace-1 operators on H.

• Set of discrete N -outcome observables OΩ(H): POVMs
A = (Aj)

N
j=1, Aj ≥ 0,

∑N
j=1 Aj = 1H.

- Probability of obtaining the value j in a measurement of A
when the system being measured is in the state ρ ∈ S(H) is
pAρ (j) = tr[ρAj ].

• Set of channels C(H,K) as completely positive
trace-preserving affine maps E : S(H)→ S(K).

- A channel E ∈ C(H,K) describes a transformation of a
system associated with H into a system associated with K.
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Relation to minimum-error discrimination

In a typical quantum discrimination task we are given a quantum
device which is either A or B (which are known to us).

• By a measurement on this device we have to determine
whether the device is A or B.

• Discrimination cannot typically be done perfectly; greatest
lower bound for the minimum probability of discrimination
error [C. W. Helström, Quantum Detection and Estimation
Theory]:

perror(A,B) =
1

2

(
1− 1

2
‖A−B‖

)
.

• The choice of the norm depends on the type of quantum
devices being considered (states: the trace norm, observables:
the diamond norm ‖M‖ =

∑
j ‖Mj‖).
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The norms giving the minimum-error probability perror(A,B)
always coincide with the base norm generated by the quantum
convex set [A. Jenčová, J. Math. Phys. 55, 022201 (2014)].

Hence:

• ‖A−B‖ ≤ 2(1− b(A)) so that

perror(A,B) ≥ 1

2
max{b(A), b(B)}.

• The best distiguishable quantum devices reside on the
boundary.

• If ‖A−B‖ = 2(1− b(A)) for some B, then A is best
discriminable from B and perror(A,B) = 1

2b(A).
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Boundariness of quantum states

• ∂S(H) = {ρ | 0 ∈ sp(ρ)}.

If dimH =∞, then ∂S(H) = S(H).

• If dimH <∞, then b(ρ) = λmin = min sp(ρ).

• supσ ‖ρ− σ‖tr = maxσ ‖ρ− σ‖tr = 2
(
1− b(ρ)

)
Proposition

Suppose that ρ ∈ S(H). There is a (pure) state σ ∈ S(H) that is
the best discriminable from ρ, i.e.,

perror(ρ, σ) =
1

2
b(ρ).
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Boundariness and observable discrimination

• ∂OΩ(H) = {M | ∃j : 0 ∈ sp(Mj)}.

• b(M) = λmin = minNj=1 inf sp(Mj).

• For each M there exists a best discriminable A (which is
extreme, even projection valued), i.e., perror(M,A) = 1

2b(M).
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Boundariness and channel discrimination

• ∂C(H,K) = {E | 0 ∈ sp
(
C(E)

)
}, where C(E) is the

Choi-operator of E.

If dimK =∞, then ∂C(H,K) = C(H,K).

• b(E) ≥ λmin = min sp
(
C(E)

)
.

• b(E) = λmin if and only if the λmin-eigenspace contains a
maximally entangled vector.

- There is a (unitary) channel U that is best discriminable from
E, i.e., perror(E,U) = 1

2b(E).

-What about channels in general?

We do not know yet. . .
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2b(E).

-What about channels in general?

We do not know yet. . .
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Qubit “erasure” channels

Qubit “erasure” channels Ep, 0 ≤ p ≤ 1/2,
Ep(ρ) = p|0〉〈0|+ (1− p)|1〉〈1| for all qubit states ρ.

• b(Ep) = p(1− p) > λmin = p/2, 0 < p < 1/2.

• For each p ∈ [0, 1/2], there exists a (unitary) channel U such
that perror(Ep,U) = 1

2b(Ep)

⇒ We conjecture: For each channel E there is a best
discriminable extreme (maybe even unitary) channel F with
perror(E,F) = 1

2b(E).
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Conclusions

We have:

• defined the concept of boundariness in general convex sets

- measures the distance to the boundary

• defined or estimated the value for boundariness for relevant
quantum devices

• demonstrated that boundariness is connected to
minimum-error quantum discrimination.

Open questions:

• b(E) =?, when E is a channel.

• Does boundariness give a strict lower bound the for minimum
error probability in channel discrimination?

• These questions have been answered for the qubit “erasure”
channels and for any channel such that the λmin-eigenspace
contains a maximally entangled vector.
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