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* Graph parameter: value that is function of the graph

+ Independence Number o(G) = max{|S|: S C V,
Vu,v € S (u,v) ¢ E}
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t-independent set game

max f s.t. players win with prob. 1: a(G)

A&B need to answer same vertex on same 1

Must have t mutually nonadjacent vertices

What about quantum players?

Def. a,(G) : max t s.t. quantum players win with prob. 1
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t-independent set
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Win iff (A’ ® thb) = 0 whenever
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t-independent set game

A quantum t-independent set is a winning strategy
Turns out that:

A&B use same projective measurements { P} }
on maximally entangled state w.l.0.g.

Strategy consists of t proj. measurements
with outputs in V such that:

P, 1 P} whenever i=j and u=v
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Quantum-classical separations

There are graphs for which a,(G) > a(G)
Famous class: Hadamard graphs

Can be obtained from quantum coloring games
[Mancinska, Scarpa, Severini "13]

Can be obtained starting from any graph
|Cabello, Parker, Scarpa, Severini "13]
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Improving communication with entanglement
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Some open questions

In one-shot communication Alice&Bob play a slightly
different “game” than in the graph parameter setting

Bob only needs to recover the message m

Need: right orthogonalities on Bob’s reduced states
We can define a new parameter a*(G) in this context
Are there graphs for which a,(G) < a™(G)?

Also: Computability? Dimension of entangled state?
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Generic nonlocal game

* Non-local game:
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Probability distribution on inputs 7 (2, ¥)
Verification (payoff) function A : X x Y x A x B — R

* Value = max Z w(x,y)A(x,y,a,b) Prob(ab|zy)

strategies

xyab
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Strategies

Classical strategies:
fa: X—A fp:Y—B

Value w(§) = max ol s i i)l @)

fa,fB
xyab

Quantum strategies:

V), Vo {AZ}leca, Yy {Bg}bEB

w*(G) sup »  w(z,y)A(@,y,a,b) (Y| AL @ BY|)
¢{A¢}{By}xyab
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Game graphs

Given a game G, we want to know
or give bounds to the classical value w(G)
and the quantum value w*(G)

An upper bound on w(G) is a Bell inequality
and a separation between w(G) and w*(G) is a
Bell violation

We import tools from our quantum graph
parameters framework



Related Literature



Related Literature

Cabello, Severini, Winter in 2010 presented a
graph-theoretical approach for non-contextual
inequalities.



Related Literature

Cabello, Severini, Winter in 2010 presented a
graph-theoretical approach for non-contextual
inequalities.

Acin, Fritz, Leverrier, Sainz in 2012 extended
this setting to study non-locality



Related Literature

Cabello, Severini, Winter in 2010 presented a
graph-theoretical approach for non-contextual
inequalities.

Acin, Fritz, Leverrier, Sainz in 2012 extended
this setting to study non-locality

Slightly different, topological approach



Related Literature

Cabello, Severini, Winter in 2010 presented a
graph-theoretical approach for non-contextual
inequalities.

Acin, Fritz, Leverrier, Sainz in 2012 extended
this setting to study non-locality

Slightly different, topological approach

Here, we heavily build-up from CSW and
focus on non-local games.



Related Literature

Cabello, Severini, Winter in 2010 presented a
graph-theoretical approach for non-contextual
inequalities.

Acin, Fritz, Leverrier, Sainz in 2012 extended
this setting to study non-locality

Slightly different, topological approach

Here, we heavily build-up from CSW and
focus on non-local games.

We lower bound the quantum value with the
quantum independence number.
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The game graph

Let G be a game, with uniform input
distribution and verification function

AN X XY XxAxB—{0,1}
We associate a graph G as follows:
V(G) = {xyab : N(zyadb) = 1}
E(G) = {{xyab, 2"y a’b’} :
(x=x"Aata)V(y=y Ab£ b}

A simple example is given by CHSH.
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CHSH Game Graph

edgeif (x=a2"ANa#d)V(y=y Ab#D)

xyab = 00 00 ‘ \ / 00 11
01 00 | | 01 11
10 00 10 11

11 10
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Classical value

For the classical value we have

__a(G)
S TEX eyl

w(9)

This result was proven in [CSW]

Let us see an intuition
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CHSH Game Graph

__a(G)
S e ey

/ 00 11
' O ULl

w(9)

1011
* Every indep. set

gives faand f3

1 01

edgeif (z=2"Na#ad)V(y=y ANb#Db)

* Every fa, fp pair
give an indep. set.
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For the quantum value we have

x O‘q(G)
w'(G) Z X x Y|

aq(G) is the guantum independence number

Let us see a proof sketch
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Lower bound proof sketch

* The strategies of @q are proj. measurements
{ yab}myabEV Vi € {1 C]}

* For the original game, choose the projector
for Alice on input x and output a as

P, = supp (L 2: yab)

* They are complete projective measurements
* We calculate

W (9) 2

O‘q(G)

> (W|PF ® PY|yp) >

xyab

\XXY\ |X><Y\
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Other results

All the results we have shown generalize to any
input distributionand any A : X xY x Ax B =+ R
by considering weighted graphs

We define a quantum independence number for
weighted graphs (not a homomorphism game!)

We have a class of nonlocal games for which our
lower bound is tight
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Conclusions

Quantum graph parameters help us study
both zero-error information theory and
nonlocal games

We can “reverse engineer” graphs
in order to get large Bell violations and large
separation in channel capacity

Graph homomorphism games more powerful?
[Mancinska and Roberson "13]



