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Quantum channel ® is a CPT map for individual qubit
Map &% for n qubits

The output state of n qubits is <I>®”[g§")]
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Decoder: POVM, which assigns a positive-semidefinite operator
M;”) (acting on 2"-dimensional Hilbert space) to each observed

outcome j € {1,...,N}
P (i) = trlof" M)
Condition Zﬁvzl M](") = [ guarantees Zj-v:lp(”) (jli) = 1.

_ R OYEr
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Classical capacity
R is called an achievable rate of information transmission if
lim per (7, 2"R) =0
n—oo
Classical capacity:
C(P) = sup {R : lim pere(n, 2"F) = 0}
n—oo

Holevo!-Schumacher—Westmoreland? theorem:

C(®) = lim ~C, (32"

n—oo N

Cy(¥) = sup [5 (ZPN’[M) — > oRS(U[pk])
k k

{pr.rr}

S(p) = —tr(plogyp)

1A. S. Holevo, IEEE Trans. Inf. Theory 44, 269 (1998).
2B. Schumacher, M. Westmoreland, Phys. Rev. A 56, 131 (1997).
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Additivity property

Cy (") = nCy (@)

holds for a limited classes of channels only (depolarizing channels?,
entanglement breaking channels*, unital qubit channels®).

3C. King, IEEE Trans. Inf. Theory 49, 221 (2003).
4P. W. Shor, J. Math. Phys. 43, 4334 (2002).
5C. King, J. Math. Phys. 43, 4641 (2002).
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Classical capacity

Additivity property

Cy (") = nCy (@)

holds for a limited classes of channels only (depolarizing channels3,
entanglement breaking channels®, unital qubit channels®).

Y is unital if Y[I] =1

Unital qubit channel:

3
T[X] = % (tr[X]I + Ztr[Xak]Akak)

k=1

3C. King, IEEE Trans. Inf. Theory 49, 221 (2003).
4P. W. Shor, J. Math. Phys. 43, 4334 (2002).
5C. King, J. Math. Phys. 43, 4641 (2002).
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Classical capacity of unital qubit channels

C(r) =Cx(T)=1-nh <; <1 Tt |>\i|)>

h(z) = —zlogyxr — (1 — x)logy(1 — )



Classical capacity of unital qubit channels

i=1,2,3

C(T)=C(Y) =1—h (%(1 ~ max |Ai|))

h(z) = —zlogyr — (1 — x)logy(1 — z)
Optimal encodings

and decodings are known!

Message
i — binary form 0,1,0,0,1,1,. ..

o™ = 10)(0] @ |1)(1] ® 0)(0] ®
10Y(0] ® [1){1| @ |[1){1]| ...

n n 1
MJ(I) - Ew: g(x)=j ®k:1 Mx(k),
M) € {[0)(0], [1)(1]}
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Classical capacity of nonunital qubit channels

O[] # 1

What is the capacity
of a nonunital qubit channel?

Nobody knows

Bounds:

» X. Wang, W. Xie, R. Duan, Semidefinite programming strong
converse bounds for classical capacity, IEEE Trans. Inf. Theory
64, 640 (2018).

» F. Leditzky, E. Kaur, N. Datta, M. M. Wilde, Approaches for
approximate additivity of the Holevo information of quantum
channels, Phys. Rev. A 97, 012332 (2018).
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Many thanks to David Reeb, who
focused my attention on that.

6G. Aubrun, S. J. Szarek, Two proofs of Stgrmer’s theorem, arXiv:1512.03293 (2015)
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Quantum Sinkhorn's theorem

Many thanks to David Reeb, who
focused my attention on that.

Let A and B be operators acting on H4. Denote

dy[X] = AXAT,  ®p[X]=BXB

Theorem (°)

Let ® : B(Hgq) — B(H4) be a linear map which belongs to the
interior of the cone of positive maps. Then there exist
positive-definite operators A and B such that T = ® 40P o dpg is
unital and trace preserving.

6G. Aubrun, S. J. Szarek, Two proofs of Stgrmer’s theorem, arXiv:1512.03293 (2015)



Bounds on capacity

Proposition’. Suppose ® is a channel such that U = &4 0 ® o &p
is a channel too. Then C(®) > C(¥) — 2log, (|| Al||| B]|)-

75. N. Filippov, arXiv:1802.00646 [quant-ph]
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Bounds on capacity

Proposition’. Suppose ® is a channel such that U = &4 0 ® o &p
is a channel too. Then C( ) = C(¥) — 2logy (|| Al||B])-

Proof. Let {gz(n M }N be the optimal code of size N = 2"/
for the composite channel VO st limy, 500 Perr w(n, 27F%) = 0.
Modified input states:

5 _ Ben g™ (Bh)=n
" te[Bong(™(Bh)en

Modified positive operator-valued measure {j — M( mN = N o

N n (”) n
N _ AT)@ \) A®
_ (n) ) _ ( M; -
=Y M, M = o RS
j=1

[ X = [[ X0 = maxy, p)py— 1 (| XTX |4) is the operator norm.

S. N. Filippov, arXiv:1802.00646 [quant-ph]




Bounds on capacity

Using the modified code, let each qubit be transmitted through the
channel ®. Then the probability to observe outcome j # 0 provided
input message i equals

tr {A®”<I>®” [B®”g§”)(BT)®n (AT)®nM](n)}

™ (i) =t [é")M;")} _
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Bounds on capacity

Using the modified code, let each qubit be transmitted through the
channel ®. Then the probability to observe outcome j # 0 provided
input message i equals

tr {A@nq)@n |:B®ngz(”)(BT)®n (AT)@nM](”)}
tr[BEn o™ (B1)en] | A2

(i) =tr oA =

Since P40 Po Py =V, we get

@nf (M3 M) .
{‘P o100} P (i)
tr[BEn g™ (BH@n) A2 wx[Ben gl (Byen] | A2

)

™ (i) =

where p(™(j]i) is the probability to get outcome j € {1,..., N}
for the input message i € {1,..., N} in the original optimal
protocol for channel ®m,
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Bounds on capacity

Observation of the outcome j = 0 in the modified protocol would
be treated as unsuccessful event, whereas observation of the
outcome j € {1,..., N} leads to a successful identification of the
message because p(™ (j|i) — §;; if n — oc.

The probability to observe nonzero outcome j equals

(n) : > . 2n
tr[BEng™ (BH)2n]||Af20 ~ (IAlllIBI)

N
P =% 5™ (jli) =

J=1

One can transmit information in the case of successful events 7 # 0,
the average number of successfully transmitted messages N is

N = p(M N = pmonRy » on(Ry—2log; (| A[[IBI])
Therefore, the considered protocol enables one to achieve the rate

R > Ry — 2log,(||A]|[|B])
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If Ry < C(¥) and one observes the successful event (j # 0), than
the maximum error probability in the modified protocol

50 (1
_ ~ "™ (j14)
perr(n, N) = ‘_IIlaX (1 — _P(’Vl))

= max (1-p"(jlj)) - 0.

7=1,..., n—00



Bounds on capacity

If Ry < C(¥) and one observes the successful event (j # 0), than
the maximum error probability in the modified protocol

50 (1
_ ~ "™ (j14)
perr(n, N) = ‘_IIlaX (1 — _P(’Vl))

= max (1-p"(jlj)) - 0.

7=1,..., n—00

Taking supremum on both sides of R > Ry —2log,(||All||B]|) with
requirement limy, o0 Derr(n, N) = 0, we get

C(®) = C(¥) — 2log, ([l Al BI)

Q.E.D.
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T=®40P0dp

8S. N. Filippov, arXiv:1802.00646 [quant-ph]
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T=®40P0dp

=0 -10TodPg

85. N. Filippov, arXiv:1802.00646 [quant-ph]



Bounds on capacity

T=040P0dp

(I):‘I)A—loTo(I)B—1

Corollary (?)

Let ® be a unital qubit channel belonging to the interior of positive
qubit maps, then there exist positive definite operators A and B
acting on Hs such that the map Y = ® 4 0 ® o ®p is a unital
channel and

C(T) — 2log, (|| Al BI)) < C(®) < C(T) + 2logy (AT B7H])).

85. N. Filippov, arXiv:1802.00646 [quant-ph]



4-parameter nonunital qubit channels

Nonunital qubit channel
(I’[X] = % (tI‘[X](I =+ t303) =+ Z?’:l )\jtr[de]Uj) with
lts| + A3 <1



4-parameter nonunital qubit channels

Nonunital qubit channel
(I’[X] = % (tr[X](I =+ t303) =+ Z?’:l )\jtr[ajg]aj) with
lts| + A3 <1

diag ({1/(1 —t3)2 — A3, </(1+t3)2 - A%)
V2 (4 - (3/(1 a2 — 22— YA+ ta)2 - A§)2>
V(I =13)2 = A/ (1 +13)2 = A3
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Nonunital qubit channel
(I’[X] = % (tr[X](I =+ t303) =+ Z?’:l )\jtr[ajg]aj) with
lts| + A3 <1

diag ({1/(1 —t3)2 — A3, </(1+t3)2 - A%)
V2 (4 - (3/(1 a2 — 22— YA+ ta)2 - A§)2>
V(I =13)2 = A/ (1 +13)2 = A3

Xdiag(\/(l—i—tg —)\3) y (1 —t3)2 —Ag—f— (1 —t3+)\3) y (1+t3)2 —)\g,

A

—1/2

\/(1+t3+)\3)4 (1—t3)2—>\§+(1—t3—>\3)4 (1+t3)2—)\§>

C(T) = 2logy (|| Al BI) < C(®) < C(T) + 2logy (| A~ [[[|B~1]).
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Unital qubit channel Y has parameters®

N = 2 ,
VA2 =5+ V(1= X3)? - 13
Xz _ 2)\2
VI+X)?2 =B+ /(0= X7 -8
Xg _ 4/\3

(VTR B+ T %2 8)

95. N. Filippov, V. V. Frizen, D. V. Kolobova, Phys. Rev. A 97, 012322 (2018).



4-parameter nonunital qubit channels

Unital qubit channel Y has parameters®

5 21
V)2 =83+ /(1= X)2 -3
Xz _ 2o
VI+X)?2 =B+ /(0= X7 -8
Xg _ 43

(VTR B+ T %2 8)

O(T) = 2logy (Al BII) < C(@) < O(T) + 2logy (| ATHIIBTH]).

95. N. Filippov, V. V. Frizen, D. V. Kolobova, Phys. Rev. A 97, 012322 (2018).



Example
Following Ref. 10, consider a one-parameter qubit channel
Prix = pAp + (1 - p)Dpa

where 0 < p <1,

A [X] = K1 XK| + Ko X K] is the qubit amplitude damping
channel with K1 = [0)(0] + /1 — p|1)(1| and K5 = /p|0)(1],
D, is the qubit depolarizing channel given by
Dp[X]=(1-p)X + £(0. X0y + 0y X0y + 0.X02).

10F. Leditzky, E. Kaur, N. Datta, M. M. Wilde, Phys. Rev. A 97, 012332 (2018)



Example

Following Ref. 10, consider a one-parameter qubit channel
Ppix = pAp + (1 - p)DP’
where 0 < p <1,

A [X] = K1 XK| + Ko X K] is the qubit amplitude damping

channel with K1 = [0)(0] + /1 — p|1)(1| and K5 = /p|0)(1],
D, is the qubit depolarizing channel given by
Dp[X]=(1-p)X + £(0. X0y + 0y X0y + 0.X02).

®ix is a partial case of the 4-parameter channel discussed before:
4
AM=X=py1-p+(1-p) <1_§>
A3 =(1-p) <1*§>
t3 = p2.

10F. Leditzky, E. Kaur, N. Datta, M. M. Wilde, Phys. Rev. A 97, 012332 (2018)
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P X. Wang, W. Xie, R. Duan, IEEE Trans. Inf. Theory 64, 640 (2018), upper bound

» F. Leditzky, E. Kaur, N. Datta, M. M. Wilde, Phys. Rev. A 97, 012332 (2018), upper bound
P> S. N. Filippov, arXiv:1802.00646 [quant-ph], upper and lower bounds

| PN Cy (Pmix), lower bound
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Improvement of bounds

Room for improvement:

—_~ n (n) n
(n) _ (AD®"M,"A
> N N A M
M; AT
Since M = Q_, Mj, and we know A explicitly, we can

replace ||A||2 by ma [ AN, AT
> P(n) — “’(n 1 > 1
ZJ 1P () = tr[Beno{™ (BT)@n] A2 = (AlIIBI)*"
Since Qg = Q) 0i, and we know B explicitly, we can
replace | B[ by max | Boy, B
2y

This approach works for improvement of lower bound.
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> F. Leditzky, E. Kaur, N. Datta, M. M. Wilde, Phys. Rev. A 97, 012332 (2018), upper bound
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Summary

» We have obtained new lower and upper bounds on classical
capacities of nonunital qubit channels.

» The obtained result holds true for the regularized version of
X-capacity.

» Our proofs are based on quantum Sinkhorn's theorem — the
relation between unital and nonunital qubit channels. Such a
relation turns out to be productive in other research areas as
well.

» We have illustrated our findings by 4-parameter family of
nonunital channels and, in particular, a mixture of amplitude
damping and depolarizing channels.

» The bounds can be further improved.



Thank you for listening!



Quantum Sinkhorn's theorem

Proof.

Y[I]=ADB)A=1 <+ (9[B?)'=42

YI[I]=BoAB=1 <+ (21[A%)"!= B>

(@[((I)T[S])_lD — 5
A= S§Y2

B = (af[s)) 2



Quantum Sinkhorn's theorem

-1
S is a fixed point of the map F[X] = @{(Q)T[X])_l}>

FIX]
tr[F[X]]

fIX] =

By Brouwer’s fixed-point theorem there exists a density operator o
such that f[p] = o and hence F[gp] = ap, where a = tr[F[p]] > 0.
If we choose A = 0'/2 and B = (®f[g])~1/2, then T is trace
preserving and satisfies ®[I] = al. Therefore, if & =1, then g is a
fixed point of F' that we needed to conclude the proof.



Quantum Sinkhorn's theorem

Alternative discussions of the relation T = ®4 0 ® o & p:

» L. Gurvits, Classical complexity and quantum entanglement, J.
Comput. System Sci. 69, 448484 (2004).
Definition. For a positive map 1" : B(Hq) — B(Ha), we define
its capacity as Cap(T") = inf{detT'[X]|X > 0,detX = 1}.

Theorem
There exist non-singular matrices Cy, Cy such that ®c, o T o @ ot
2

is doubly stochastic iff the infimum in Definition above is strictly
positive and attained. Moreover, if Cap(T') = detT'[C| where
C >0, detC =1, then @ (picpy-172 0T 0 Paya is doubly stochastic.

» T. T. Georgiou, M. Pavon, Positive contraction mappings for
classical and quantum Schrédinger systems, J. Math. Phys.
56, 033301 (2015).

For so-called positivity improving CPT maps with the property
®f[p] > 0 for all p.



